
Result Unknown Change Unknown Start Unknown

Add To Two bunnies sat on the grass. Three 
more bunnies hopped there. How many 
bunnies are on the grass now?

2 + 3 = ?

Two bunnies were sitting on the grass. Some 
more bunnies hopped there. Then there were 
ƓYH�EXQQLHV��+RZ�PDQ\�EXQQLHV�KRSSHG�
RYHU�WR�WKH�ƓUVW�WZR"

2 + ? = 5

Some bunnies were sitting on the grass. 
Three more bunnies hopped there. Then 
WKHUH�ZHUH�ƓYH�EXQQLHV��+RZ�PDQ\�
bunnies were on the grass before?

? + 3 = 5

Take From )LYH�DSSOHV�ZHUH�RQ�WKH�WDEOH��,�DWH�WZR�
DSSOHV��+RZ�PDQ\�DSSOHV�DUH�RQ�WKH�WDEOH�
now?

5 – 2 = ?

)LYH�DSSOHV�ZHUH�RQ�WKH�WDEOH��,�DWH�VRPH�
DSSOHV��7KHQ�WKHUH�ZHUH�WKUHH�DSSOHV��+RZ�
PDQ\�DSSOHV�GLG�,�HDW"

5 – ? = 3

6RPH�DSSOHV�ZHUH�RQ�WKH�WDEOH��,�DWH�WZR�
DSSOHV��7KHQ�WKHUH�ZHUH�WKUHH�DSSOHV��
+RZ�PDQ\�DSSOHV�ZHUH�RQ�WKH�WDEOH�
before?

? – 2 = 3

Total Unknown Both Addends Unknown Addend Unknown

Put Together/ Take Apart 7KUHH�UHG�DSSOHV�DQG�WZR�JUHHQ�DSSOHV�
DUH�RQ�WKH�WDEOH��+RZ�PDQ\�DSSOHV�DUH�RQ�
WKH�WDEOH"

3 + 2 = ?

*UDQGPD�KDV�ƓYH�ŴRZHUV��+RZ�PDQ\�FDQ�VKH�
SXW�LQ�KHU�UHG�YDVH�DQG�KRZ�PDQ\�LQ�KHU�EOXH�
YDVH"

5 = 0 + 5     5 = 5 + 0
5 = 1 + 4     5 = 4 + 1
5 = 2 + 3     5 = 3 + 2

)LYH�DSSOHV�DUH�RQ�WKH�WDEOH��7KUHH�DUH�UHG�
DQG�WKH�UHVW�DUH�JUHHQ��+RZ�PDQ\�DSSOHV�
are green?

3 + ? = 5     5 – 3 = ?

Difference Unknown Bigger Unknown Smaller Unknown

Compare �ŏ+RZ�PDQ\�PRUH"Ő�YHUVLRQ��
/XF\�KDV�WZR�DSSOHV��-XOLH�KDV�ƓYH�DSSOHV��
+RZ�PDQ\�PRUH�DSSOHV�GRHV�-XOLH�KDYH�
WKDQ�/XF\"

�ŏ+RZ�PDQ\�IHZHU"Ő�YHUVLRQ��
/XF\�KDV�WZR�DSSOHV��-XOLH�KDV�ƓYH�DSSOHV��
+RZ�PDQ\�IHZHU�DSSOHV�GRHV�/XF\�KDYH�
WKDQ�-XOLH"

2 + ? = 5    5 – 2 = ?

�9HUVLRQ�ZLWK�ŏPRUHŐ��
-XOLH�KDV�WKUHH�PRUH�DSSOHV�WKDQ�/XF\��/XF\�
KDV�WZR�DSSOHV��+RZ�PDQ\�DSSOHV�GRHV�-XOLH�
KDYH"

�9HUVLRQ�ZLWK�ŏIHZHUŐ��
/XF\�KDV�WKUHH�IHZHU�DSSOHV�WKDQ�-XOLH��/XF\�
KDV�WZR�DSSOHV��+RZ�PDQ\�DSSOHV�GRHV�-XOLH�
KDYH"�

2 + 3 = ?     3 + 2 = ?

�9HUVLRQ�ZLWK�ŏIHZHUŐ��
/XF\�KDV�WKUHH�IHZHU�DSSOHV�WKDQ�-XOLH��
-XOLH�KDV�ƓYH�DSSOHV��+RZ�PDQ\�DSSOHV�
GRHV�/XF\�KDYH"�

�9HUVLRQ�ZLWK�ŏPRUHŐ��
-XOLH�KDV�WKUHH�PRUH�DSSOHV�WKDQ�/XF\��
-XOLH�KDV�ƓYH�DSSOHV��+RZ�PDQ\�DSSOHV�
GRHV�/XF\�KDYH"

5 – 3 = ?     ? + 3 = 5

2*$3�$GGLWLYH�)UDPHZRUNOGAP

3UREOHP�&RQWH[WV
Counting
Quantities
Patterns

Additive Situations
Add to
7DNH�IURP
3XW�WRJHWKHU�7DNH�DSDUW
&RPSDUH

Concepts/Properties  
3URSHUWLHV�DQG�5HODWLRQVKLSV 
Magnitude

Base 10/Place Value
&RQFHSWV
Strategies

3UREOHP�6WUXFWXUHV
Types of Items
&RQWH[WXDO
1RQ�FRQWH[WXDO

Complexity of Addends
6LQJOH�GLJLW
0XOWLSOH�GLJLW 
0XOWLSOHV�RI��������������

Representations
Number Paths
Number Lines
Base 10 
Ten Frames
Dot images 

Properties and Relationships
5HODWLRQVKLS�EHWZHHQ�DGGLWLRQ��
���DQG�VXEWUDFWLRQ
&RPPXWDWLYH�SURSHUW\
$VVRFLDWLYH�SURSHUW\
,GHQWLW\
5HODWLRQVKLSV�EHWZHHQ�PRGHOV��� 
� HTXDWLRQV�DQG�FRQWH[WV
&RPSHQVDWLRQ
&RQVWDQW�GLIIHUHQFH

Addends
Two addends
Three or more addends
&RPSRVLWLRQV�RI���
5HODWLRQVKLS�EHWZHHQ�DGGHQGV

Meanings for Subtraction
'LIIHUHQFH
5HPRYDO
'LVWDQFH
Missing addend

Number of steps 
6LQJOH�VWHS
0XOWL�VWHS�

'HSHQGLQJ�XSRQ�WKH�VWUHQJWK�RI�DGGLWLYH�UHDVRQLQJ��VWXGHQWV�PD\�PRYH�XS�DQG�GRZQ�EHWZHHQ�DGGLWLYH��
WUDQVLWLRQDO��FRXQWLQJ��DQG�QRQ�DGGLWLYH�UHDVRQLQJ�DQG�VWUDWHJLHV�DV�WKH\�LQWHUDFW�ZLWK�QHZ�WRSLFV�RU�QHZ�FRQFHSWV��
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Transitional Strategies
(IŵFLHQW�8VH�RI�D�0RGHO

18                    38   40 45
Jumps by multiples of 10 on a number line

+20 +2 +5

18
10 + 8

27
20 + 7

30 + 15
45

,QHIŵFLHQW�GHFRPSRVLWLRQ�
to derive facts

63                       73                        80 81

+10 +7 +1

OGAP $GGLWLYH�5HDVRQLQJ�3URJUHVVLRQ�ŋ�$GGLWLRQ

Early Counting Strategies

Counting Strategies

Additive Strategies

'LUHFW�PRGHOLQJ�DQG�FRXQWLQJ�IURP���ZLWK�PRGHO��FRXQW���WLPHV�

Mental counting strategies:
• &RXQW�RQ�IURP�ŵUVW
• Count on from larger

$G
GLW
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7UD
QV
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�
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XQ
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�

&RXQWLQJ�RQ�ZLWK�SK\VLFDO�RU�YLVXDO�PRGHO�����

Non-Additive Strategies
• 8VHV�LQFRUUHFW�RSHUDWLRQ
• 0RGHOV�SUREOHP�VLWXDWLRQ�LQFRUUHFWO\
• Guesses

8QGHUO\LQJ�,VVXHV�(UURUV
• 'RHV�QRW�FRQVLGHU�UHDVRQDEOHQHVV�RI�VROXWLRQ
• (UURU�LQ�FRXQWLQJ��FDOFXODWLRQ��SODFH�YDOXH��� �
� SURSHUW\��HTXDWLRQ��RU�PRGHO
• 8QLWV�LQFRQVLVWHQW�RU�PLVVLQJ
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ŏ � �� �� ��� ��� ��� ���Ő

1 2 3 4 5 6

1 2 3 4 5 6 7

ŏ�����������������������������Ő

7
8 9 10

11

12 13

6 7 8 9 10 11 12 13 14 151 2 3 4 5

7UDGLWLRQDO�86�DOJRULWKP
                1
                18
             +27
                45

Flexible compensation

18 + 27
20 + 25

 45

Partial Sums

      18  
   +27
      30
   +15
       45

8VHV�SURSHUWLHV Fact Fluency
Fact Recall 
6+7=13 

Derived Facts 
6+6=12
6+7=13

8VLQJ���V
6+7
6+4=10 and 10+3=13

Associative Property
7+2+8=7+ (2 + 8)

Commutative Property 
6+7=7+6

Transparent algorithms 
  Decomposes by place value and adds

18 + 27 = ?
18 = 10 + 8
27 = 20 + 7
          30 + 15 = 45

18 + 20 = 38
38 + 7 = 45

Early Transitional Strategies
$GGLQJ�LQHIŵFLHQWO\�ZLWK�RU�ZLWKRXW�D�PRGHO

Adding on 
by tens
18+10=28
28+10=38
38+2=40
40+5=45

18  28  38  39  40  41  42   43  44  45
Makes jumps of 10 on a number line

Combines or counts by 10s using base 10 representations

6+7
œ,�NQRZ�����LV����
and 3 more is 13”

8QLWL]HV�RQ�D�PRGHO

+10 +10

• Not enough information
• 8VHV�SURFHGXUHV��� �
� LQFRUUHFWO\

+

-XPSV�E\�D����DQG�HIŵFLHQW�JURXSV�RI�RQHV
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OGAP $GGLWLYH�5HDVRQLQJ�3URJUHVVLRQ�ŋ�6XEWUDFWLRQ

Early Counting Strategies

Counting Strategies

Early Transitional Strategies
6XEWUDFWLQJ�LQHIŵFLHQWO\�ZLWK�RU�ZLWKRXW�D�PRGHO

Transitional Strategies
0DNLQJ�HIŵFLHQW�MXPSV�E\�PXOWLSOHV�RI�������������

Additive Strategies
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7UDGLWLRQDO�86�DOJRULWKP

$GGLQJ�8S�(IŵFLHQWO\
     38 +   2  = 40
     40 + 33  = 73
        2 + 33 = 35

Constant Difference:
��������ŧ���
     +2     +2
��������ŧ��� ��

Partial Difference:
      73
ŧ��38
��������ŧ�� ��

,QYHUVH�UHODWLRQVKLS�EHWZHHQ� 
addition and subtraction
 “7 ŧ 2 is 5 because 5 + 2 is 7”

8VLQJ���V����ŧ�

���ŧ��� ��
Distance on number line

35       40      43                    73

���ŧ��� ��
Jump back on number line

8VLQJ�%DVH����UHSUHVHQWDWLRQV

���ŧ��� ��

Jumps by tens on number line

+2 +30 +3

Adding up by tens
 73ŧ38=?
 38+2=40
 40+10=50
 50+10=60
 60+10=70
 70+3=73
 2+10+10+10+3=35

&RXQWLQJ�EDFN����ŧ���
œ�������������Ŕ
Counting up 
œ��������Ŕ

&RXQWLQJ�EDFN����ŧ���
œ����������WKDWőV��Ŕ

11     12       13         14      15        16     17
���ŧ��� �

+1 +1 +1 +1 +1 +1

'LUHFW�PRGHOLQJŏVHSDUDWLQJ�IURP��VHSDUDWLQJ�WR��RU�PDWFKLQJ�
ZLWK�PRGHO��FRXQWV���WLPHV�

1 2 3 4 5 6 7 8

1 2 3 4 5 1 2 3

38   40                                    70     73

 38   40              50              60              70     73

– 2 – 10 – 10 – 10 – 3

6
5 4 3

2

��ŧ��� ��

     6   1
      73
 ŧ�38
       35

– 5 – 3 – 30

Jumps by ones on number line

���ŧ��

œ���ŧ�� ���DQG����ŧ��� ���Ŕ

Fact Fluency
   Fact Recall

   Derived Facts

�����œ���ŧ���LV����DQG�
then 5 less is 5”

8QLWL]HV�RQ�D�PRGHO

Transparent algorithms 
  Decomposes by place value and subtracts

73 ŧ 38 = ?
73 = 70 + 3
38 = 30 + 8
������������ŧ�� ��

���ŧ���� ���
���ŧ��� ���
���ŧ��� ���

Non-Additive Strategies
• 8VHV�LQFRUUHFW�RSHUDWLRQ
• 0RGHOV�SUREOHP�VLWXDWLRQ�LQFRUUHFWO\
• Guesses

8QGHUO\LQJ�,VVXHV�(UURUV
• 'RHV�QRW�FRQVLGHU�UHDVRQDEOHQHVV�RI�VROXWLRQ
• (UURU�LQ�FRXQWLQJ��FDOFXODWLRQ��SODFH�YDOXH��� � � �
� SURSHUW\��HTXDWLRQ��RU�PRGHO
• 8QLWV�LQFRQVLVWHQW�RU�PLVVLQJ

• Not enough information
• 8VHV�SURFHGXUHV��� �
� LQFRUUHFWO\

63   64     65     66     67    68     69     70    71     81 

– 10– 1 – 1 – 1 – 1 – 1 – 1 – 1 – 1

���ŧ���� ���

� ���ŧ���� ���
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OGAP Base Ten Number Progression
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Application of Base Ten

Number Composition by Place Value Parts

(DUO\�8QLWL]LQJ��6HHV�TXDQWLWLHV�LQ�JURXSV�ZKHQ�RQHV�DUH�YLVLEOH�

8QLWL]LQJ�ZLWK��&RPSRVLWH�8QLWV�

Early Counting (Treats quantities as collections of ones)

Precounting

• Flexible use of Base Ten understanding to solve problems

&RXQWV�ZLWK�VRPH�FRUUHVSRQGHQFH

“5 and 3 is 8”
“2 less than 10 is 8”
“3 and 3 is 6 and 2 more is 8 ”

&RXQWV�ZLWK�RQH�WR�RQH�FRUUHVSRQGHQFH
“one” œWZRŔ “three” “four” œŵYHŔ “six” “seven”

“one” œWZRŔ “three” “four” œŵYH���Ŕ

                                      Cardinality 
���� �������������������œ+RZ�PDQ\"Ŕ�����

7

6 71 2 3 4 5

Perceptual comparing

œ7KH�VHFRQG�URZ�LV�ELJJHUŔ

1 2 3

4 5

1 2

3

“5 is more than 3”

Rote counting

������������������

200 + 30 + 5 = 235
200 = 20 tens 

30 =3 tens

23 tens and 5 ones

235

��KXQGUHGV����WHQV����RQHV 23 tens & 5 ones

235 ones

8QGHUO\LQJ�,VVXHV�(UURUV
• 'RHVQōW�FRQVLGHU�UHDVRQDEOHQHVV�RI�VROXWLRQ
• 6HTXHQFH�HUURU
• Errors in units 
• 1XPHUDO�UHYHUVDO

7KLV�SURGXFW�ZDV�IXQGHG�E\�WKH�1DWLRQDO�6FLHQFH�)RXQGDWLRQ��'5/������������2*$3�$GGLWLYH�)UDPHZRUN�k������LV�OLFHQVHG�XQGHU�&&�%<�1&�1'�
����IRU�QRQ�FRPPHUFLDO�XVH�RQO\��7R�YLHZ�D�FRS\�RI�WKLV�OLFHQVH��YLVLW�KWWS���FUHDWLYHFRPPRQV�RUJ�OLFHQVHV�E\�QF�QG�����

• 'LJLW�UHYHUVDO
• &RXQWLQJ�(UURU
• 0RGHO�HUURU
• Equation error

�������������

Disregards the unit
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    Not Counting or Comparing
• Guesses
• Not enough info
• Misinterprets problem situation or task

8QLWL]HV�WR�ORFDWH�DQG�FRPSDUH�QXPEHUV

Counts by ones to locate and compare numbers

“63>59 because 6 tens 
is more than 5 tens”

Where does 66 go on the number line?

8VHV�SODFH�YDOXH�DQG�QXPEHU�UHODWLRQVKLSV�WR�FRPSDUH�DQG�FRQVLGHU�UHODWLYH�PDJQLWXGH

Where does 66 go on the number line?

Where does 19 go on the number line?

100

0                5    

One more/less 
than a number

Matching to compare

ŏ���������������Ő

100 200 230 235

ŏ������������������Ő

• Multiplicative understanding of place value
                    235 = (2 x 100) + (3 x 10) + (5 x 1)
• 8VH�RI�%DVH�7HQ�IRU�ŶH[LEOH�DQG�HIŵFLHQW�FRPSXWDWLRQDO�

strategies
• Extension of Base Ten understanding to decimal and 

negative numbers

0 100

0

Composes and decomposes quantities in groups

“63 is 4 more than 59”

“5 is 2 more than 3”

Where does 19 go on the number line?

0            5                                                           
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